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THZORETICAL INRVASTIGATION OF HRATHODS FOR OOKMPUTIHG
JRAG FROlI WAKR SURVAYS AT HIGH SUBSONIC SPAZDS

By liax A. Hoaslet

SUHNHARTY

In this report, graphs of constants are givea whioh
are to be used together with a knowledge of maximum total-
head lose, static—pressure decrement, and the integral of
total—hesd loss across the wake of an airfoil for the rapid
determination of section proflile-—drag coefficlent. The
constants were oomputed under the assumption that the total-
head pressvre loss in the wake of the airfoil has a oosine-—
squared dilstribution and that no variation in static pres-
sure exlsts ccross the walke at any given position. The
range of »Hressure losses, for whioh the results are given,
is sufficlexntly large for ususl wind-tunnel and free-—-flight
daeta, raé conpresslbllity effects mare considerad for :iiach
numbers u» to and including H =2 1, wheres M 1is the liach
nunmber of tiha free stream.,

Iioclnded in the report are resulte of ocomputetions
that werc corried out, for free—stream llach numdbers between
0.5 and 1.0 and for ocertain assumed types of total-pressure
distribution in the wake, to compare theoretioal drag
coafficisnis ns determined by various equations bassd upon
the momeatum method. Among the assumed wake shapes are
forms sinilsr to those encountered at superoritioal speeds.
Results obtnined by point-by-point methods of integration
are con»hrrad with those oomputed by means of the constants
mentionad above. TYor the ocases examined, the numerical
agreement becomes less matisfaotory as the maximum total-
head decremnent increases but for such total-head losses as
are usunlly encountered in practice the agreement 1s quite
sufficlant. It is therefore ooncluded that, within the lim-
its of ths validity of the basio assumptions underlying the
momentum method and for total-head decrements of normal
magnitude, tha use of the more rapid teohnigue is Justified
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for wide variations in wake shapes for the liach number

- range conslderaed. 2 e

INTRODUCT ION

One accepted method of determining the profile drag
of an airfoll is developed from consideration of the
momentun defect in the wake of the body. As given by
Jones (roference 1), for velocities at whioh ailr may be
assumned an incompressible medium, the actual computation
involve: t23 evaluation of an integrel with integrand a
funetiona of total-head and statle-—pressure losses across
the wvakze. In order to achieve this evaluation in terms of
megsurceé cuantities, 1t 1is ouastomary to presuppose that
there is no mixing in the wake in stream tubes between the
plane of mer.surement and a second plane which is far enough
dow:stroam thet the static pressure there may be assumed
to have raturned to its original free—stream value,

Yhen grester velocities are involved, 1t has been
found nossible to modify the Jones equation for compressi-
bility effects so that the desired section drag may oncs
more be founc 1in terms of the same pressure measurements.
As a counterpart to the previous assumption concerning
mixiag, it 1s agaln supposed that gtreamlinss may be drawn
in the wrl:s, between the two planas, so that total head
1s constent nlong cach stream tube. An sdded condition
1s neceesnry, however, in order that density may be eval-
uvated andé, to this end, the total energy per unit mass of
air 4is cesuned constant in any section across the fiald
of flovw,

Tho accentance of the momeantum method as a valld way
of findinz the drag of an airfoll section is dependent
more on tias nxperimental evidence at hend than on the un-—
as8ailabllity of its underlying principles. In referencs
3, 6. I, Taylor has shown theorstically that, for certailn
types of rassure dilstributions, the indicated drag may
be a8 nuch as 10 percent in error despending on whether the
weke dovnstrenm mixes or flows in a streamline manner. 1In
references 3 and 4, however, the msthod appears to have
been substentiated experimentally by measurements taken at
differeat cdlstances vehind the airfoll and by comparisons
with veluss measured on a balance. The conclusions pre-—
sonted in reference 4 indlcate that the vaelues of drag
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.coefflclont obtained by means of the momentum method are
reliable u) to speeds nesr the velocity of sound and that
the presence of shook waves of limited extent dces not in-—
valldate tiie result. These oconclusions must not be con-
sldered es n complete negation of Taylor's results, sinoce
hie Investigetion of the pressure distributione encountered
in prectice, as given in reference 1, showed that the error
due to mixing was 1n the worst case much smaller than wae
theoreticelly possible.

The asx>ressions for drag coeffiolente, for either the
comnreesible or incompressible case, appear as integrels
which are to be evsluated in the measurement plane. Ac~—
tual velues of head losas and static—pressure vaeriation cen
be deter:iined by means of s pitot-traverse method and, as
e conesecwvence, the glven integrals can be evaluated by
numericel integration. In order to avoid the lengthy con-
putation involved, an alternate approsoh has bsen developed
by SBilverstein and EKatzoff (reference 6) in whioh it 1e
eassumed thet drag is proportional to the integral of the
total—-herd loes across the wake. The integral of head loes
is obteinod from an averaging rake, an 1integrating manometer,
or by en integration of measuremente made by a travereing
tube. Tae nroportionality faotor, in turn, 1s evaluated
by assuning »n dsfinite type of wake shape and, in this re-
port, le tabulated 2e & function of maximum total-~head loss,
static~vressure decrement, and ilach number of the free
streamn. Zhe resultes given herein deviate somewhat from
those given in reference § for reassons that will be die-
cuseed later,

In refersnce 6 a comparison was made between values
of dragz coefficient computed by means of point-by-point
integretion and those determined by the integrating method
and proportionality constaate of reference 6. It wae
found that the latter procedure gave results in excellent
agreeneat with those obtalined by the former, at least up
to valuns of the lach number of the free stream in the
nelghborhood of 0.6. A wide range of shapes was consild-
ered and, remaritably enough, the agreement remained uni-
formly sood for the Mach numbere oonsidered.

- Since 1ia high-speed wind tunnele it 1s necessary to
evaluate drag at ilach numbers sbove those considered in
reference G, and since the recalculation of the m»nropor-
tlonality constants resultsd in a change in thelr previ-
ouely detarnined values, the present paper has undertaken
the comj)erleon of theoretical drag coefficlents obtailned
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by differont methods for the high-—speed range. The ap-—
ped}anca of shock widves on an alrfoll may-be-expected at
some vr.lue of free—stream Hach number less than unity and,
as a consecuence, the distridbutlion of total-head loss
differs conslderably from that usually encountered. Some
of the wucl:o shapes consldered are therefore chosen to
corresnoné ppnroximately to thils situation.

OUTLIE] OF HRTHOD

Conploete detalls concerning the development of formu-
las for the drag coefficlent may be found in the referances.
It 18 consicered sufficlent for the present purposas merely
to ligt tihe naln results., The symbols used are defined 1in
the apnondlx.

In figure 1, the airfoll sectlon 1s indlecated together
with the three planes of especlal importance to the theory,
Plane 0 1s far enough upstream that free—-stream conditions
may be assuned to exist uniformly escross this sectlon. Plane

2 is at 8 reat enough distangce downstream that the valge

Linﬁ;nngan"e bas returned to 1ts original valua, DPo.

Plane 1 is the actual plane of measurement.

AI-L {‘?...z:J-
sSee “° &
Fronm momentum considerations the drag 4, per unit &aalew sevrhs
length of the ailrfoll, 1s .

a = [ paVal¥, - Va)arg (1)

/ v d i Legag o fed ong st wicd.
(/E“r‘p ﬂ"’u—o}h\thlu—rmf d :fﬂV,(Vo“ VJ) )/I o Al PR P e R |
where tho integration across the wake 1s in plane 2.7 4
proof of thlie relatlion, valld for subsonlc compressible
flow with nosslble limited shock waves, 1s gliven in ref-
erence 4,

The »roflle—drag coefflelent for the alrfoll section
is an immediate consequence of eguation (1), so that

v 4
= - /r P20 -2 aya (3)

P
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If the fluid is assumed to be incompressible and continu-—
~—~pus, and i1f no mixing .18 supposed to take place in the

strean tubes between planes 1 and 2, equation (2) can be

written as * ' [effrw @ epuation J Com b=

Ve~

=L

ca"E./‘ ﬁ—'pl 'p9-—H°, %y
' c Jy Ho — Po Hy = Po

./o . I
From this 2ora of the equation, the drag coeffidlent 18

direotly caloulable once the dlstridutions of gtatig—
pressure and total-head logg acrass tho wake are known. -

If 1t is assumed, ams Silverstein and Katzoff did in
referenca 5, that the integral of total-head loes escross'
the wa':s is »Hroportional to the sectlon-drag coefficient,
e proportionplity ccnastant 7 may be introduced so that

i
=T [ 2T ltgy .y x(eTh: (4)
| cVy By=p, ¢ NEy—=Po’ay

where the subascript av. denotes average value aocross the
wake. Iz roferences 5 and 6, F; 1s tabulated as computed

DD

from equations (3) and (4) under the supposition that 2

s constant and that ——~———— has a2 ocoBlne—-squared dis-—
. Ho=Po
l tribution; that 1s,
t

- = 1 ) ocos :T
o~ Po o~ Po

max

¥ and is measurnd from the center line of

where |7¥| E
the walle. In figures 2(a) and 2(b) extended values of 7y

P,=P,

are glven 1ln gzraphical form as functlons of

H,-Dp

— (+] [¢]

(Hg HI .
o IO nax

and
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¥hen compressibility effects are to bes considered,

factors T, or ¥ /¥, are used, so that

[+ v

B BRG] we

,/( r-// 7.4'» /'/f.r
The evalustion of F, Ag aim r. to that of ri and pro-

ceeds as follows: aquation (2) 1 rewritten In such a form
that the integrand may be calculated dlrectly from the .
free—strenn liach number, the static—pressure loss, and the
total—-hend loss in the wake. . If constant values of the
firgt two parnmeters and a cosine-—squared distridbution of
the lattsr are assumed, 1t 1s possidble to find o, and

subsaguently to solve equation (3) for Fgo In figures
3(a) to 5(9) will be found F,/F; plotted as a function

( , and EaT“Po,
nax Ho=Po
In thils report, two forms of equation (2) are usead

in the nolnt—-by-point integration for the compresslble
case. The flrast expression,

I =120 [ ¥=i|4)
o 1-(23 Vv 1-(22-> E
=..2. ;{J. L} { Hl 4 - Hi~ o
°a Cf(Eo> (po_ h.l> 1 Y= sdy:, (6) ~
v (Po Y (po
1=\ =— lef{ ==
- Ho J \. — HO _dJ

lg derived 1a reference 4 under the assumptions that total
energy meor unlt mass of alr 1s constant in any section
across the fleld of flow and that between planes (1) and
(2) Bernorlli's equation for compressible flow holds,

This form has a great advantage 1n that auxiliary tables,
which are lncluded in the reference, may be prepared so
that the conputations involved are expedited.

As dorived in reference 6, the alternate form of the
expresslon for drag coefficlent is
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il /C‘) G (m,) i Qi;) (G2

1+ K3
/< 20 (I o,
_po 1"'“ -]
The expression 1+ 1, which appears in equation (7), 1s

the so—crlled compressibility faoctor and 1s a funotlion of
Mach number,

8 o a e
1+n=1+H_+!'—-+x -—u + . . .
4 40 1600 80000

Figure 4 shows this funotion, for values of M wup to 1,
in o form that can be used 1n numaeriocal integration. Tha
subserints on N, as glven in equation (?), 1indioate
the plane in which M 1p evaluated.

One outstanding simplification poesible in the inte—~
gration of oeguation (7) was made by Bay H. Wright of the
Langley -lemorial Aesronautical Laboratory in some -unpub-
lished regults, If the second redical, in the integrand
of thie equation, is written in t he form

q
SHEE

it mayr ba shovn that ¢ 18 primarily a funotion of Hach

number aand secondarlly dependent on - 33. This follows

T
from the fefinition of G, for
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14 ¥Y=1yal2
Y G
Y—-1 .8 T
14 Y=1 y Y=1 y
G = J 3 =}-l 2
1 - 2a 2 \% + 1= s
4, 2
2 3 N
Y=l ys (1-—18- Y=l o (1 P
+ 2 202 & = 307 .. ..
14 Y=L y? 8 14 Y=L e 16
3

A graphic:rl representation of G 1s given in figure 5,

Then nroceeding to the actual integration, 1t is suf-

Ho~-H

fiolent to now the variation of 0 o the Maoh num-
o~ ¥o

ber of tho free stream, and the value of 2320 In the

Hy— 7P
o o
conputation it will bde found necessary to use the indi-

cated raszure ratio Ho—Po, Tigure 6 gives values of
Po

this prraueter as a function of free—stream Mach number,

M,

As meatloned previously, the values of F /F; in

figures 3(n) to Z(e) differ in most cases from the corre—
sponding ver.lues gliven in reference 6. 8ince the original
assumptions ere the seme, there seems little doudbt that
thie diecrenancy 1ls produced by differences in the manner
in which the integration of the basic equation is per-
formed. This report assumes & distribution for total-head

-

g,—H
ﬁ decrement —2——2%; while reference 6 assumes a distribution
Eo=Po von_vaa
s for veloclity-squared decrement = although the pre-—
Yo

cise nature of thls latter assunption is not stated ex—
plicitly. An analysis of the two sets of results gives
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credence to the conolusion that 8ilveretein and Katsoff
have set

2 a
BB, o Yo =Ta
Hy = Po VO.

whioh i8. in agreement with the theory of incompressibdle
fluide. BSuch a relationship does not introduce large
errors unless the daoh number 1s of oonsiderable magni-—
tude, dbut in this latter oase the relation 1s untenable
and the velues of ¥, /F, in this report would appear to

be the true values, These remarks apply -aqually well to
reference 6, since the graphs of 7F,/F; glven there are

in agreemont with the tadular data in reference 5.
COIiPUTAT IONS

By neans of thes graphlosl data that have been pre-
sented, and the tables inoluded in referenoce 4, 1t is novw
possible to determine values of drag coefflolent from
equations (5), (6), and (7) and known wake distridutions.
Suoh data can, in turn, be used for m comparison of the
resulte obterined from point-by-point methods of integra-—
tion and the Silverstein and Katsoff integrating method.

In the five cases llsted below, an arbitrary distri-

v -—
bution for 22—-53 is assumed, together with fixed val-
E0-1"'0
Pr— Do
unes for 5 « The drag coefficient is then computed
o — Po

for different values of free—stream Mach number, In
ochoosing the wake forms, all of which are shown in fig-
ures 7(a) and 7(b), an attempt was made in cases I, III,
and IV to mresent digtributions that are highly distorted
from usual distributions; while Iin cases II and V shapes
were ohogen that resembled somewhat the types encountered
when shock waves are present on the surfaoce of the airfoll,

It vill be noted that all the cases are concerned
with symnetrical oconfilgurations. Typilcal asymmetrical
shapes could be constructed by Joinlng two halves of cosine-
squarsd distrivutions with equal heighte and different base
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widths. TXrom the theorr underlying the derivation of con-
..stants Fi” .and F I it follows that for sueh typlcal
asymmetrical shapes tﬁe values of drag coefficient given dy
equations (4) and (6) will always be exact. Other forms of
asymmetry may be thought of as deviations from these hybrid
cosine—-squared curves and the study of the variation in

drag coefficient produced by these deviations can be related
directly to problems such as are consldered here.

Cage I

. As an extreme exampls, the distribution of head loss
is made rectangular. Thus, as shown in figure 7(a), let

H,~-H
- E° 10,10 for |¥| Sec and equal to gero for all
0o~ Po P1-Po

other valuas of y; moreover, let = 0,1. It fol-
Hy—=Do

lows imnediately that

lf "Elayuozo

In tablse I, results of the computations are given,

dcuations (6) and (7) should give the same numerical
result ciaco they are equivalent. The deviations that an—
pear are mrobably attributable for the most part to small
errors arlsing in reading the graphs and, to a smaller ex—
tent, to the-interpolation necessary in the tables. The
differences in results from equations (6) and (6) are prob—
g ably due to the varlation between the actual wake form and
: the hypothetical shape used to compute /4 although
numericel inesgouracies nust again bve oonsgdered. It is
observed, however, that the pesrcentage of error is small.

Case II

%

The distribution of head loass for this case is shown
in figure 7(a). Under the assumption that

%J:LBQ = 0,1, the drag coefficient has been computed by
-D

o~ %o

means of equations (5) and (7) for different Mach numbers.
The results of these calculations are given in tadle II

s ! b

T
|
|
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and show that in each instance the error in the data deter-
mined by equation (5).1s.small.

Cage III
- 1
Asgume now that EQ———EL = 0,30 for kA E E c, Aas
o - Po

shown in figure 7(a). 1In tadle III, drag coefficients are
given corresponding to this distridbution of head loss when

%l—:—%ﬂ = 0,1, 0.0, ~0,2, ~0.4, respectively, and for varil-
o -~ Yo

ous Mach numbers. The calculatlone are based on equations
(5) and (6). The dieparities between corresponding answers
are,in general, larger for these examples than in case I.
On the other hand, the percentage of error seems relatively
small in comparison with the deviation between the true and
assumed wake shape.

Case IV

In thie case, drag coefficient is computed from egua-
tions (5) and (6) when M = 0.4, 0.6, 0.8, and 1.0 under

Hy - H, < ¢
the assumption that ———— = 0,10 for |y| = = as shown
By - Po 8

in figure 7(b). Table IV 1lists the results for

D1 - Po _ 0.0, ~0.1, ~-0.2, and ~0.4, and in each case the

percentage of error 1is small,

Case V
H, - H,
Tor the distridution of el shown in figure 7(d)
o - Po
p:,"po
and for E————__ = 0, -0.23, and ~0.4, drag coefficlent 1s
o~ Po

computed at free stream Machk numbers equal to 0.4, 0.6, 0.8,
and 1.0. In thlis case the maximum total-head loss ie 0.7
and, as can bYe seen in table V, the percentage of error 1lg

quite large, especially for higher values of %;_:;Eg_
o ~ Po

r
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CONCLUSIONS

The computations carried out in this report show that
the integrating method of Silverstein and Katzoff gives re-
sults 1n good agreement with the values of drag coeffliclent
computed by the much more laborious process of point-~-by-
point integration so long as the maximum total-head loss 1s
not too large. The limltation on the total-head loss is
necessarlly dependent on the accuracy desired,but for such
values as are usually encountered 1n practice the cases
consldered do not show exorbitant deviations in the results.

The agreement in results holds for considerable varia-
tion of the wake form and, as far as theoretical results are
concerned, extends up to a free-stream Mach number equal to
1. 8ince previoue reports have indicated that the momentunm
method 18 not necessarilly nullified by the existence of
shock waves of limited extent, it followe that the integrat-
ing method need not be invalid beyond the critical speed of
the airfoil,

Ames Aeronautical Laboratory,
National Advisory Committee for Aeronautics,
Moffett Fleld, Calirf.
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APPINDIX

8Y#{BOLS

v valocity

D static pressure

q dynamic.pre;aure

H total »ressure

P denslty

c chord length of ailrfoll

¥y diatonca measured vertically from wake center
v wa.te width

i'ver nuzher, ratlo of the stream veloclty to the
. local velooclty of sound

d section nroflle drag

o3 snctlon nrofile—drag coefflclent

T groortionality constant for compressible flow
Fy yronortlionality constant for incompressible flow

-]
1+n compressibllity correctlon faotor, gq = p;%-u %fn
n
Y rrtlo of speclific heat at constant pressure to spe—
cific heat at constant volume

Subscrinte o, 1, 23, refer to conditlons exlsting iIn
three éiiferent planes. Subscript o denotes free—stream
conditions, 1 denotes the plane of measurement, and =2
denotes the plane aft of the airfoll in which the static
pressure has returned to its free~stream value.
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TABLE I.- cg AS A FUKNCTION OF MACH NUMBER
FOR WAKE FORM IN CASE I
Ca Ca Ca Percentate of error ian
Mach . . . . -
pumber (equation | (equation | (equation | equation (5) as compared
P); (6)) (5)) with equation (6)
0.5 0.1678 0.1678 0.1687 0.5
.6 161k .1616 1624 S .5
.7 «1550 .1551 .1556 .3
.8 REyls .1476 .1483 .5
.9 .1400 .1403 .1409 s
1.0 1334 1331 «1333 .2
TABLE II.- cg AS A FUNCTIOCN OF MACH NUMBER
Y¥OR WAIE TFORL IN CASE II
Mach ! Cd cd Percentage of error in
mumber | (equation | (equation equation (5) as compared
7 5)) with equation (7)
0.6 0.1589 0.1589 0
.7 L1532 .1528 =3
.8 L1461 L1455 -l
.9 .1391 .1385 1
1.0 1324 .1313 -.8
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TABLE II1l.- og AS A FUNCTION OF MACH NUMBER FOR WAKE FORM IN

CASE IIl

Mach

e

e

Percentage of error in

P,-Po a a emmmpn(S)ascwmawd
o, number | Equation | Equation| with equation
oo (6) (5)
G.1 o.4 0.06G3 0.0621 3.0
.1 .6 .o57o : OFS% 2.5
.1 .8 . E o 40 2.1
1 1.0 .obz5 ohoo: 1.0
0 i) .0b48 .0662 2.2
3] .6 .0607 .0617 1.6
@ .8 .0556 .0562 1.1
.0 1.0 .0500 . 0”01 c.2
-2 R .0225 .0234 1.2
-.2 .6 L0667 .0672 -.7
~.2 ] .0593 .0EQ93 0
_'E 1.8- .o?os L0505 -.E
- : .0792 . .0795 .
-4 .6 . g o714 o}
-.b 8 . -CH0E -.7
- 1.0 .c+71 .ckglh -1.5
TABLE IV.- cq A8 A FUNCTION OF MACH NUMBER FOR WAKE FORM IN
' CASE IV
Percentage of error in
01-Po | Mach q €q equation (5) as compared
Ho-Dg | pumber Eq%iﬁion Eq%a%ion with equation (6)
[~
0 0.4 0.0228 0.0229 0.4
o] 6 .0211 .0212 .5
0 .8 .0190 .019¢C 0
0 1.0 .0168 L0168 0
-.1 N .0239 .0240 4
-1 .6 .0219 .C220 .5
-.1 .8 .0195 .019% 0
-1 1.0 L0165 .0168 0
-.2 s .0249 .02E50 R
~.2 .6 .C226 -6226 c
-.2 .8 L0198 .0198 ¢}
-.2 1.0 .0167 .C166 =.6
i iy L0267 L0268 Ry
-4 .6 .023% .023% 0
-.u .8 .0201 .0200 -.5
-.b 1.0 0151 .C150 -.7

TABLE V.- ¢4 AS A FUNCTION OF MACH NUMBER FOR WAKE FOR¥ IN

CASE V

- ca c4a Percantage of error in
51 Po | Mach Equation [Equation equatidng(5) as compared
Hy=Po [number (6) (5) with equation (6)

0 0. 0.1046 0.0967 -7.7

0 . .0982 .0319 6.l

0 5 .0502 .0B&0 4.7

0 1.0 1L .0792 -2.7

-.2 | 0. 0.1196 0.11,9 -3.3

-.g o .112; 1076 : -2.73.

- . s UHO -

-.2 | 1.0 .ogué Z 1.k

b | 0. 0.13%18 0.129 -1.h

~ol .é L1192 .11 z .2

~oh .8 1027 1.6

- ]1.0 .0799 .0829 3.8

P P 2 B S T g L iy T g T
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